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DIMENSION RESULTS AND KPZ FORMULA FOR TWO 
DIMENSIONAL MULTIPLICATIVE CASCADE PROCESS 

XIONG JIN 



►>■ Abstract. We prove a Hausdorfl dimension result for the image of two dimen- 

jrt ' sional multiplicative cascade process, and we obtain from this result a KPZ-likc 

formula that normally has one point of phase transition. We also prove that 
this Hausdorff dimension result holds almost surely for all Borel sets if and only 
if the process is fractional with unique parameter. The "only if part relies on 
the multifractal analysis of the process and a level set dimension result. 



1. Introduction 



In a recent paper [5] Bcnjamini and Schramm proved a formula relating the 
Hausdorff dimension of a Borel subset of the unit interval to the Hausdorff dimen- 
sion of the same set with respect to a random metric obtained from multiplicative 
cascade measures. Their goal, inspired by [6], is to give a Hausdorff dimension 
version of the well-known KPZ formula of Knizhnik, Polyakov and Zamolodchikov 
^ ' from quantum gravity [15]. To be more precise, let W be a positive random variable 

*n , of expectation 1 and let {W(w) : w € Un>i{0> 1}™} be a sequence of independent 

copies of W encoded by the dyadic words. The multiplicative cascade measure \i 



\/-, . on [0, 1] generated by W is defined as the weak limit of 

in 

o 
o 



)Q\ (dn n (x) = W(x\ 1 )W(x\ 2 )---W{x\ n )dx) , 

C , , 3 \ / n>l 



where for i = 1, 2, • • ■ and x € [0, 1], x\i stands for the first i letters of the dyadic 
expansion of x. From [13, 12] one knows that if K(W log 2 W) < 1, then p is almost 
surely non-degenerate and without atom, so it induces a random metric p M on [0, 1] 
given by p fJ- (x,y) = p,([x,y]) for < x < y < 1 (such a metric was previously 
?-h ' considered in [1]). Denote by dinif/ the Hausdorff dimension with respect to the 

Euclidean metric and by dim^" the Hausdorff dimension with respect to p jll it is 
shown in [5] that if E(W~ S ) < oo for all s <G [0, 1), then for any Borel set K C [0, 1] 
with dim# K = £o, almost surely dim^" K is equal to a constant £ <E [0, 1] satisfying 

(1) 2-t° =2~£ -E(W e ). 

In the special case when W = e a ' Y ~ a > 2 , where Y = Af(0, 1) is a normal random 
variable and a > (the condition E(lV r log 2 H A ) < 1 is equivalent to a 2 < 2 In 2), 
they obtain the KPZ formula for the random metric p^: 

(2) & _ C= _g_. {(1 _ . 



Key words and phrases. Hausdorff dimension; Image; Level set; KPZ formula; Multiplicative 
cascades; Uniform dimension result. 
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Notice that if we consider the indefinite integral of /ti, that is F^(x) = /j,([0,x}) for 
x £ [0, 1], then by definition one directly gets 

dim^ K = qYiwlh F^{K). 

So Benjamini and Schramm's result can be also understood as a Hausdorff dimen- 
sion result for the image of the increasing process F^ . 

The main goal of this paper is to extend Benjamini and Schramm's result to the 
signed multiplicative cascade processes, a class of random multifractal functions 
recently constructed in [2] as a natural generalization of F M . We will consider the 
more general two dimensional case (see Remark 1.1 for the reason) and our results 
arc the following: 

(i) We prove a Hausdorff dimension result for the image of the two dimensional 
multiplicative cascade process (Theorem 1.1), and we obtain from this result a 
KPZ-likc formula which normally has one point of phase transition (Example 1 and 
2). 

(ii) By using the so-called restricted singularity spectra (Theorem 1.2) and a 
level set dimension result (Theorem 1.3), we show that the Hausdorff dimension 
result in Theorem 1.1 cannot hold almost surely for all Borcl sets if the process 
is multifractal, or one dimensional fractional, or two dimensional fractional with 
different parameters. 

(iii) When the process is two dimensional fractional with unique parameter, we 
prove that the Hausdorff dimension result in Theorem 1 . 1 holds almost surely for 
all Borel sets (Theorem 1.4). 

Before stating in more detail the results we need to recall the definition of two 
dimensional multiplicative cascade processes. Let us begin with some notations on 
the coding space. 

Coding space. Let b > 2 be an integer and let s& — {0, • • • , b— 1} be the alphabet. 

Let si* = U n >o ^ n (by convention s/ a = {0} the set of empty word) and s/ N + = 
{0, . . . , b — 1} N + . The length of a word w is denoted by \w\ = n if w £ s/ n , n > 
and |io| = oo if w £ s/ N+ . 

The word obtained by concatenation of w £ si* and t £ si* U si N+ is denoted 
by w ■ t and sometimes wt. If n > 1 and w — w\ • ■ ■ w n £ s/ n , then for every 
1 < i < n, the word W\ . . . Wi is denoted by w\i, and if i = then w\q stands for 
0. Also, for any infinite word t = t\ti • ■ ■ £ s/ N + and n > 1, t\ n denotes the word 
t\ ■ ■ ■ t„ and i|o the empty word. 

Let 7r : t £ &/* U«e/ N+ t-¥ Ya=i k ' b~ l be the canonical projection from &/* U.e/ N+ 
onto the interval [0,1]. For w £ si* denote by I w = [n(w),7r(w) + b~\ w \) the b- 
adic interval encoded by w. For x £ [0, 1) and n > 1, we define x\„ = x\ ■ ■ ■ x n 
the unique element of s/ n such that x £ I Xl ... Xn , as well as 1|„ = b — 1 • • • b — 1. 
Sometimes we will use the convention I n (x) = I Xl ... Xn . 

Two dimensional multiplicative cascade processes. Let (£l,F, P) be the 
probability space and let W = (Wi, Wa) be a random vector satisfying 

(A0) E(W 1 )=E(W 2 ) = b- 1 ; 

(Al) 3 qe (1,2] suchthatEdPFil^VEd^l 9 ) < & _1 ; 

(A2) 3 s > 2 such that E(|VFir s ) V E(|VF 2 |" S ) < oo. 
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Let {W{w) : w G &/*} be a sequence of independent copies of W . For k = 1, 2, 
x € [0, 1] and n > 1 define the product 

Qfc(x|n) = Qfc(4|J = Wfc(x|i) • Wfc(x| 2 ) • • • W k {x\ n ). 
For n > 1 define the random piecewise linear function 

F k , n :t£ [0,1] .-> / 6 ra -Q fe (a;| n )da;. 

Jo 

From [2] one has almost surely Fk, n converges uniformly to a limit F^- Then the 
two dimensional multiplicative cascade process considered in this paper is defined 
as 

F=(F 1 ,F 2 ):t€ [0, 1] i-> (F 1 (t),F 2 (t)) G E 2 . 
Now we are ready to present the results. Our first result is the following: 

Hausdorff dimension result for the image. Given £o G [0, 1], denote by £ the 
smallest solution of the equation 

(3) bS° =E(\Wi\*) VE(|W 2 |*) 
and £ the smallest solution of the equation 

(4) 6" & =E(|VKi| c - 1 -|^ 2 |)vE(|^ 1 |-|W 2 | c - 1 ). 
Also denote by 

^--logftfEdWiDvEdW^I)) G (1/2,1]. 



Theorem 1.1. Let A' C [0, 1] be any Borel set with dim# K = £q- 
(%) 7/P(Wi = W2) < 1, £Aen aZmosi sure'?/ 



dim ff F(A)=eA C = lc ^g^!]. 
/u,) 7/P(W r i = VF2) = 1, i/ien almost surely 

Let us give two examples to help understanding the result. 

Example 1. Let Xi and A" 2 be two random variables both taking values b~ a and 
— b~ a with respective probabilities (1 + b a ~ 1 )/2 and (1 — b a ~ 1 )/2 for some a < 1. 
Suppose that P(Xi = A 2 ) < 1. Let er > and let Y = Af(0, 1) be a normal random 
variable independent of X\ and X 2 . Define 

Wi = Xi • e ffY - ff2/2 and VF 2 = A 2 • e^^ 2 / 2 . 
By simple calculation one has for {k, 1} = {1,2}, 

E(|W fc |*) = E(|W,|*) = EflWkf- 1 • |W,|) - 6- Q « • e - 2 (? 2 -?)/ 2 . 

Let /? = <r 2 /(21n&). Then assumption (Al) ((A0) and (A2) are automatically 
satisfied) is equivalent to requiring 

j 2^/2_ /3<a <i ) if ^ > 1/4; 

(5) ^ < * and \ /? + 1/2 < a < 1, if $ < 1/4. 
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In such a case, Theorem 1.1 says that for any Borel set K C [0, 1] with dim# K = £o, 
almost surely dim# F(K) is equal to a constant £ £ [0,2) satisfying 

Comparing to (2), this formula has a new parameter a varying in the region given 
by (5), and when a < 1, the maximal dimension dim# F([0, 1]) is equal to 



t3 + a-^((3 + a )i-4f3 

2/3 Gl ' j 

if /3 > and is equal to 1/a £ (1, 2) if /3 = 0. 
Example 2. Now let 

Wi = Xi • e CTy - CT2 / 2 and W 2 = b~ x ■ e^"^/ 2 , 
so W2 is almost surely positive. For £ > one has 

E(|W 1 |«)VE(|W 2 |«) = 6- Q «-e a2(?2 -« )/2 , 
and C > 1 one has 

EflWil^lWal) VE(|W 2 | c_1 |Wil) = b- (c ~ 1+a) ■ e CT2 « 2 -0/ 2 , 
as well as £* = a. We need the same condition as in (5). In this case, since F2 
is almost surely increasing, one can deduce a random metric pf from F on [0, 1] 
given by pf(x, y) = \F(x) — F(y)\ for x,y £ [0, 1]. Then Theorem 1.1 says that for 
any Borel set K C [0, 1] with dim# K = £0, almost surely dim^ K is equal to a 
constant £ £ [0, 2) satisfying 

£o-a-£ = /?-£(l-a if$,e[0,a]; 

&-e = j9.«l- O + o-l. iff G(o,l]. 
If a = 1 then we go back to (2). If a < 1, then this KPZ-likc formula for pp has a 
phase transition at a, and the maximal dimension dim^[0, 1] is equal to 



/J + 1 - y/(/3 + I)" - 4/3(2 - a) 

2/3 Gl ' j 

if /3 > and is equal to 2 - a £ (1,3/2) if /3 = 0. 

Remark 1.1. The reason why we consider the two dimensional case can be easily 
seen from Theorem 1.1 and Example 1,2. If we only consider one dimensional 
case, as shown in Theorem 1.1(H), the formula will always have a phase transition 
at £*, and such phase transition is indeed caused by the limitation of the image 
space. Also it is necessary to consider the two or higher dimensional case to obtain 
the uniform dimension result given later. 

Remark 1.2. Example 1 and 2 are special cases of Theorem 1.1, in general the 
theorem could provide us with more colorful formulas. In principle, the formula can 
have as many points of phase transition as we want. 

Remark 1.3. To finding the Hausdorff dimension of the image of a stochastic pro- 
cess restricted to any Borel subset of its domain is a classical problem in probability 
theory. The first work on this subject can be traced back to Levy [16] and Tay- 
lor [20] , regarding the Hausdorff dimension and Hausdorff measure of the image of 
Brownian motion. Since then much progress has been made for fractional Brownian 
motion, stable Levy process and many other processes. We refer to the survey paper 
[23] and the references therein for more information on this subject. 
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Our second result is a "multifractal singularity spectra" type result. The starting 
point of such a result is the following natural question: Could the dimension result 
in Theorem 1.1 hold almost surely for all Borcl sets? The answer to this question 
is negative, and we can see it quickly from the case F = F^: From [13] we know 
that for P-almost every u; € $7, the multiplicative cascade measure p u is carried by 
a random Borel set E u of Hausdorff dimension 1 — K(W log 2 W), which is strictly 
less than 1 unless W = 1 and \x is Lebesguc. On the other hand, from [1] one can 
deduce that for P-almost every u £ O, the random Borel set E u that carries p, u 
has Hausdorff dimension 1 with respect to p^ . So unless we are in the trivial case 
that p is Lebesgue, (1) cannot hold almost surely for all Borel sets. 

This observation leads us to the next question: Given a Borel subset K, of 
which random subset E^.k of K one has dim// F(E uj ^k) = dimjj F(K) and what is 
Hausdorff dimension of E^^k (for P-almost every u) <E 0)? To answer this question 
it is natural to consider the Holder level sets of F, and inspired by [10] we get the 
following "multifractal singularity spectra" type result: 

Restricted singularity spectra. Let K c [0, 1] be any Borel set such that 

dim// K = dimp K — £o > 0, 

where dimp stands for packing dimension. 

For a — (a 1 ,a 2 ) G R+ define the Holder level set: 

K(a) = {i£A': h F (x) = a], 
where hp = (hp 1 , hp 2 ) is the Holder vector of F defined as (whenever exists) 

logsup teI (x) \F k (s)-F k (t)\ 

h *M-&L " bg|J m (x)| ' fc = 1 ' 2 ' 

For q = (gi, q 2 ) <E M 2 define 

S(g) = *(?i,ga) = -log b E(\W 1 \* 1 \W 2 \'»). 
Let 

Jfo) = {qeR 2 : $(<?) > -co and q ■ V$(q) - S(g) > -&}■ 
and 

A(£ ) = {v<%) : o £ J(£o)}. 

Theorem 1.2. IfW°{K) > 0, £/ien /or any g G >/(£o) a?7 -^ a = V$(g:) one ftas 
almost surely 

dimjj A'( a ) = £o + 9 • a — *(?)• 

Moreover, denote by a* = ai A a2 and a* = ai V Q2- One /las: 

(%) J/P(Wi = VF2) < 1, then almost surely 

dim H K(a) ( dim ff K(a) - a* \ 

dim H F(K(a)) = ^ A ( 1 + ^ ; 

(mJ IfP(Wi — W2) = 1, then almost surely 

■^,-rr, m dirnjf if (al 
dim H F(Jf (a)) = — — A 1. 
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Remark 1.4. The image dimension result in Theorem 1.2 looks very like that 
obtained in [22] for Gaussian vector fields. In fact from the Holder regularity point 
of view, when restricted to the Holder level set K(a), the process F behaves exactly 
like fractional Brownian motion of index-a. 

Remark 1.5. The condition W*°(K) > in Theorem 1.2 can be replaced by 
H 9 (K) > for any gauge function g of the form g(r) — r^°\logr\ n for some 
n > 1. These conditions together with dim/r K = dimp K are only used to provide 
a finer Frostman measure carried by K and having Hausdorff dimension £o in a 
stronger sense (see Lemma 3.1). 

Remark 1.6. Following [3] one can construct a family of multiplicative cascade 
measures carried by K(\J^>{q)) simultaneously for all q G </(£o)- Then using the 
methods in [3, 10] we can prove that the results in Theorem 1.2 hold almost surely 
for all q G </(£o). But such results would rely on heavy calculations and need a 
great effort on the parameters estimates. So in order to simplify the purpose of this 
paper, we only give the results in the present form. 

Now we are ready to answer the question asked before: 

For £ G (0, 1] recall the definition of £ and C hi (3) and (4). Suppose that 
P(Wi = W<z ) < 1. By simple calculation one can get that for any £o € (0, £*], the 
maximal dimension of F(K(a)) over a G A(£o) is equal to £ = dim# F(K) and it 
is reached at 

( V$K,0), if dim H F(A-(V$(£,0))) 

(6) a=l >dim H F(K{V$(0,O)); 

{ V$(0,£), otherwise, 

and for any £o G (£*, 1], the maximal dimension of F(K(a)) over a G A(£o) is equal 
to £ = dim^f F(K) and it is reached at 

f V$(C-1,1), if dim ff F(A-(V$(C-l,l))) 

(7) a=l >dim ffJ F 1 (X(V$(l,C-l))); 

[ V$(1,C-1), otherwise. 

In both cases we have dim// K(a) = £o+q-a — $(q) for the corresponding q G J(£o)- 
So if q ■ V$(g) — &(q) < for one of such q, then the dimension result in Theorem 
1.1 cannot hold almost surely for all Borel sets. To the contrary, if for any q G R 2 
of the type (f,0), (0,0, (C - 1, 1) or (1,C~1) such that 

dimjj F{K(V^(q))) = dim ff F(K) 

we have q ■ V$(g) — &(q) = 0, then from the analyticity of $ and (6) we know that 
there exists k G {1,2} such that Isp^ — log b E(|iyfc | p ) is an afnne map, thus 
there exists au G (1/2, 1] such that \Wk\ = b~ ak . Let us assume k = 1, then 

$(9i,92) = 9i ■ 01 - log 6 E(|W 2 | 32 ) 
and 

q • V$(g) - $(g) = g 2 • ^(92) - 02(92), 
where 02 : 92 >->• — log h E(|W2| 92 ). From (7) we know that either we have 2 (1) ~~ 
0(1) = or there exists an open interval such that 52 ■ 02(92) — 02(92) = holds for 
all (72 belonging to the interval. Either of the two cases will imply that there exists 
a 2 G (1/2, 1] such that \W 2 \ = b- a \ 



DIMENSION RESULTS FOR MULTIPLICATIVE CASCADE PROCESS 7 

Fractional case. Now we are in the situation that for k = 1,2, Wk is a random 
variable taking value b~ ak and — 6~ Qfc with respective probabilities (1 + b ak )/2 and 
(1 — b° k )/2 for some a k & (1/2, 1], which is indeed the fractional case considered in 
[4] . In the following we will show that in this case the dimension result in Theorem 
1.1 holds almost surely for all Borel sets if and only if P(Wi = W2) < 1 and a,\ = a 2 . 

First let us state the following level set dimension result: 

Theorem 1.3. For k = 1,2 almost surely for Lebesgue almost every y £ -Ffc([0, 1]), 

dim ff L k (y) =l-a k , 

where Lk(y) = {x £ [0, 1] : Fk(x) = y} is the level set of F^ at level y. 

There is nothing to prove when a\ = 0.2 = 1, and we have the following three 
other cases: 

(i) If P(Wi = W2) = 1 and a\ = 012 < 1, then one can deduce from Theorem 
1.3 that the dimension result in Theorem 1.1 cannot hold almost surely for all 
Borel set, since almost surely for Lebesgue almost every y £ -Fi([0, 1]) one has 
dim# L\{y) = 1 — a\ > and 

dim H F{Li{y)) = dim^{(j/, y)} = 0. 

(ii) If P(W / 1 = W 2 ) < 1 and a\ > a 2 , then from Theorem 1.3 one has almost 
surely dim#L 2 (y) = 1 — «2 > for Lebesgue almost every y £ F 2 ([0,1]). On 
the other hand, since F\ is a-H61der continuous for any a £ (0,ai) (see [4]), and 
F(L 2 (y)) = F 1 (L 2 (y)) x {y}, so 

chm H F(L 2 {y)) = dim ff Fi(L 2 {y)) < < < 1. 

a\ a 2 

This shows that the dimension result in Theorem 1 . 1 cannot hold almost surely for 
all Borel sets. 

(hi) If P(Wi = W 2 ) < 1 and a x = a 2 = a £ (1/2, 1), we have 

Theorem 1.4. Almost surely 

, . dinif/ K 

dim ff F(K) = — for all Borel set K C 0, 1 . 

a 

Remark 1.7. In the literature, results like Theorem 1.4 are often mentioned as 
uniform dimension results. The first result of this kind was given by Kaufman in 
[14] for planar Brownian motion, and was extended to strictly stable Levy processes 
by Hawkes and Pruitt in [9] and to fractional Brownian motion by Monrad and Pitt 
in [19] . We refer again to the survey paper [23] and the references therein for more 
information. 

The rest of the paper consists of four sections that individually present the proofs 
of Theorems 1.1 to 1.4. We end up this section with some preliminaries. 

HausdorfF dimension. If (X, p) is a locally compact metric space, for d > 0, 
5 > and K C X let 



^ d (K)=inf{]T|[/^}, 



iei 



8 XIONG JIN 

where the infimum is taken over the set of all the at most countable coverings 
[Ji^iUi of K such that < \Ui\ p < 5, where \Ui\ p stands for the diameter of Ui 
with respect to p. Define 

U p ' d {K) = \imn p /(K). 

Then , H p,d (K) is called the d-dimcnsional Hausdorff measure of K with respect to 
p, and the Hausdorff dimension of K with respect to p is the number 

dirn^ E = mi{d : U pd {K) < oo}. 

For any positve Borel measure v defined on {X, p) , the lower Hausdorff dimension 
of v with respect to p is defined as 

dim^(» = infjdim^ £:£cland v{E) > 0}. 

When p is the standard Euclidean metric, we often omit the index p. 

Stationary self-similarity of multiplicative cascade processes. For k — 1,2, 
w £ £/* and n > 1 define 

rt 

F [ ™1 : t G [0, 1] H. / b n ■ W k (w ■ x\i) ■ ■ ■ W k (w ■ x\ n ) Ax. 
Jo 

Since ##* is countable, so almost surely for all w £ &/* , FJ^ converges uniformly 

to a limit F^" which has the same law as F k . 

By construction one has for any w £ gf* and t £ [0, 1], 

(8) F k (n(w) + t ■ &-H) - F k (n(w)) = Q k (w) ■ F^(t) 

For w £ &/* define 

Z k (w) = Fl w \l) and X k (w) = sup |F^ ] ( S ) - F k w] (t)\. 

«,te[o,i] 

Then from (8) one has 

F k (7r(w) + 6- 1 "' 1 ) - F k (ir(w)) = Q k (w) ■ Z k (w) 

and 

O k (w) = O k (I w ) ■- sup \F k (s) - F k {t)\ = \Q k (w)\ ■ X k (w), 
s,tei w 

where Q k (w) is independent of Z k (w) and X k (w). We will often use the convention 
that Z k = Z k (0) and X k = X k (0). By direct calculation, one has for any q\, q% £ 

R, 

E(0 1 (w) qi 2 (w) q2 ) = E(Xf 1 Xl 2 )-E(\W 1 \ qi \W 2 \ q2 ) lwl 
= E(X qi X q2 )-b-\ w ^ qi > q2 \ 
whenever the expectation exists. 



Moments control. It is proved in [2] that for k = 1, 2, 
(9) 



(i) If E(|W fe | 9 ) < b- 1 for some q > 1, then E(X q ) < oo; 



(ii) If E(|W fc |- s ) < oo for some s > 0, then E(X A T S ) < oo 
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2. Proof of Theorem 1.1 
2.1. Upper bound. 

Proof. For p > let 

0(p) = E(|Wi| J, )vE(|W 2 | p ); 

0(p) = EdWilP-^IT^DvEdWil-IWal 1 '- 1 ). 
We have the following lemma: 

Lemma 2.1. One has <fi(p) < <fi(p) if p G [0, 1] and <p(p) > 0(p) if p > 1. 

Proof. Obviously 0(1) = 0(1). Since g + g > 2, so 0(0) > 1 - 0(0). 
Let {£;, ^} = {1,2}. For p > 1 from Holder inequality one gets 

EflWfcMWiQ < E(|VF fe |( p - 1 >^) £ ^-E(|^| P )^ 
= E(|VF fc | p )^-E(|^| p )^<0(p). 
This implies 4>(p) < 0(p). For p£ (0, 1) from Holder inequality one gets 
E(|Wi| p ) = E(|PFi| p • \W 2 \~ p{l " p] ■ \W 2 \ p{1 - p) ) 

< E((\Wi\ p -\W 2 \- p ^- p ^) p ■E((\W 2 \ p ^ 1 - p) ) T ^) l ' p 

= E(\w 2 \ p - 1 \w 1 \) p ■e(\w 2 \ p ) 1 ' p < ^(p) p ■e{\w 2 \ p ) 1 ~ p . 

In an analogous way one can also obtain 

E(\W 2 \ P ) <m p ■E(\W 1 \ p ) 1 - p . 
Then 

E(\w 1 \p)<^( P y^(p)^ 1 -^'E(\w 1 \^ 1 ~ p){1 ~ p ' i =» e(|Wi| p ) < m, 

which also implies IE ( | H^ | p ) < 4>(p), thus <fr(p) < 4>(p). D 

Given £ G [0, 1] recall the definition of £ and £ in (3) and (4). Lemma 2.1 tells 
us that £ < C < 1 if £o G [0, £*] and £ > C > 1 if £o G (£*, 1]. Due to the convexity 
of and we also have 0'(£ + ) < and 0'(C + ) < 0. Thus given any e > smaller 
enough, one can find an r\ > such that 

0(£ + rj) < b-^ 0+£) and 0(C + v) < &~ (Co+e) . 

From the moments control (9) and the definition of £ and ( it is easy to deduce 
that E(X^ +V ) V E{Xl +v ) < oo and 

E{X^ n ~ 1 Xi) < E(X^ +,) ) i ^r . E(X ; c+r ')^ < oo, {k, 1} = {1, 2}. 

For each n > 1 one can find a sequence X n of 6-adic intervals such that 

KC (J 7 and ^ |7| ?0+£ < 2"". 
iex n /ez„ 

Let (5 n = sup /eI |7 1 (7)|. Since F is almost surely continuous, so S n —$■ almost 
surely. For any interval 7 G T n denote by 

0,(7) = min{0 1 (7),0 2 (7)} and O* (I) = max{(9 1 (7), 2 (7)}. 

Then we can obtain the desired upper bounds from the following two facts: 
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(i) If £o G [0, £*]: For each / c T n one can use a single square of side length 20*(I) 
to cover F(I), thus 

E(Hl+ v (F(K)j^ < 2«+"e( ^ d (/)«+" V0 2 (/)«+") 

iei„ 

< 2 ?+ " J2 E(Oi (/)«+") +E(0 2 (/) ?+ ") 

< C'J] |/| Co+£ < C ■ 2-", 

where C - 2«+'"+ 1 E(X 1 ?+?, ) V E(X« +r '). 

(ii) If £o G (C*j 1] : F° r each / c X„ one can use no more than |_C>*(-0/O*(-0J-niany 
squares of side length 20*(I) to cover F(I), thus 

< c" • 53 l 7 l ?0+e < c" ' 2 ~"> 

iez„ 

where C" = 2^+"+ 1 E(X 1 c+, '- 1 X 2 ) V E^I+^Xr). D 

2.2. Lower bound. 

Proof. There is nothing to prove when dim// A' = 0, since F(K) is always non- 
empty. Let dim.H K = £o > 0. We will use a similar method as in [5] to estimate 
the lower bound. 

Given any 5 € (0,£o)j due to Frostman lemma there exists a Borel probability 
measure ^o supported by K such that 

dno{s)dno(t) 
I ~i 777 — F~ < °°- 

/.,te[o,i] |s-£p- 5 

First we consider the case P(W\ = Wa) < 1. 

Let {fc, ^} = {1, 2} and 7 € (0, 2) be the unique number such that 

E(\W k n = b-d«- 5 \ iffoG(0,e*]; 

E(|W fe | ■ l^l 7 " 1 ) = 6- (? °- 5) , if & G K.,1]. 

We may assume that d is smaller enough so that 7 > 1 when £0 € (£* , 1] , and we 
always have 7 € (0, 1) when £ <E (0,£*]. For iu e ,e/* denote 

w^ = I tf°- 6 -\W k (w)[r, if £ G ((),£*]; 

W V°) \ &eo-« . |W fc («;)| - |Wi(t«)|-'- 1 J if£ G(£*,l]. 

and 

Q(to) = ^(wl^VF^Ia) • • • W(w). 

For n > 1 define the random measure //„: 

d/x n (x) = Q(x|„)d//o(a;). 
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By construction, (/i n )n>i is a measure-valued martingale thus yields a weak limit 
/U, and the support of [i is a subset of K. 
For s,t € [0, 1] define 

(io) /c;UM)H^(s)-^WI 7 vo fc ( s |„F 

if 7 e (0, 1] and 

(11) Kl{s,t) = (|F fc ( S ) - F fc (t)| 2 + |Ji(«) - ^(Ol 2 )* V (O fc ( S |„) 2 + 0*(*U) 2 )* 

if 7 > 1. Due to the continuity of F, one has almost surely /C^ converges uniformly 
to 

^ )= \ \F k (8)-F k (W, if 7 e (0,1]; 

lS ' J \ (|F fc ( 5 )-F fc (t)| 2 + |F,( S )-F,(t)| 2 )*, if7>l- 
We have the following proposition: 

Proposition 2.1. There exists a constant C such that for any < s < t < 1 and 
n> 1, 

dfi n (s)dfi n (t)\ < d/Xo(s)d/x (t) 



By using Fubini's Theorem, Proposition 2.1 yields that for any n > 1, 

(12) e(/7 d ^ W : {t) )<2C ff ^(^(0 < pp. 

Since for any s,ie [0,1] one has 

/C 7 (s,*)< sup |F,( S )-F fe (t)r = ^, 
s,fe[o,i] 

so (12) implies 

(13) su P E(X,7 7 - M „([0,l]) 2 ) <oo. 

n>l 

Notice that for 7 € (0, 1) we have 

E( M „([0,1])^) = E(xf* • X~*b - ^{[0,1])^) 

and for 7 e (1,2) we have 

E(^([0, 1])) = E(4 ■ I,"" • ftl ([0, 1])) < E(l^ -E(lf ■ ^„([0, l])f. 

Thus by using the corresponding martingale convergence theorem we get from (13) 
that E(/x([0, 1])) = 1. Also by using the same tail event argument as in [5] we can 
get P( M ([0, 1]) > 0) = 1. 

Due to the fact that almost surely \x n converges weakly to [i and K? n converges 
uniformly to /C 7 , we get from (12) that 

/ f f dtis)Mt) \ < liminf E / ff d, n (s)d,(tU ^ 

wy s , te[0 ,i] ic( s ,t) 1 - ^oc vyy Me[0il] icz( s ,t) J 

By using the mass distribution principle we get the desired lower bound 

For the case P(Wi = W2) = 1, it is the same proof as above when £0 G (0, £*]• 
When Co e (£*, 1], we just take 7 € (0, 1) such that E(|W fc | 7 ) = &-«*-*) and let 

w(i») = &«*-' 5 ■ |WfcH| T . 
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Then the same proceeding as we did for the case £o £ (0,£*] will yield the lower 
bound 7, which can be abitrary close to 1, thus the conclusion. □ 

2.3. Proof of Proposition 2.1. 

Proof. Recall that Zf. = F k (l). We will frequently use the following lemma, whose 
proof will be given in the next section. 

Lemma 2.2. 

(i) For any 7 £ (0,1) there exists a constant C 7 such that for any constants 
A, B £ R with A^O, one has 



E 



(\AZ k + B\ 7 ) <C^\A\-\ 



(ii) IfF(Wi = W2) < 1, then for any 7 £ (1,2) there exists a constant C 1 such 
that for any constants A\, A2, B\, B 2 £ R with A\A 2 ^ 0, one has 



E 



((\A l Z k + B l \ 2 + \A 2 Z l + B 2 \ 2 ) 7/2 ) < C 7 • (|^i| • jAalT- 1 ) \ 



For n > 1 and w £ stf n \ {b — 1 • • • b — 1} denote by w + the unique word in s4 n 
such that 7r(w + ) = ir(w) + hr n . Since s < t, there exists a unique j > such that 
s l/ = Mj anc ^ s \t+i ¥" t\j+i- This implies 7v(s\f +1 ) + b^^ 1 < t and 

b- {j+1) < \s - t\ < 2b- j < b- {] - 1] . 

Notice that one has either (s|t|_i)|j = s\j or (s|i_i)|j = t\j. Without loss of 
generality we may assume s\^ +1 = s\j ■ r for r = s J+1 + 1 £ {1, • • • , b — 1}. 

Recall the definition of K.% in (10) and (11). We have the following two situations. 

2.3.1. When 7 < 1. 
(i) If j ' > n then 

d M (a)dp i„(t) ^ 0fc(s | n) -7 . Q(s | n) . g(i | n) dMo (s)dMo(i) 

/Cri(s,i) 

= b n ^°- s ) . X fc (a| n )-T • |Q(t| n )| dpo(*)djUo(t). 
Since Xfc(s|„) and Q(i| n ) are independent, so we get 

K ^y ) * &"«°- 5) -E(Xr)dMo( S )dMo(t) 



A- 

< b«°-* • E(X~ 7 ) • 6(j'-i)«o-«) djuo(a)djuo(t) 

< &&>-« • E(X A T 7 ) 



:-f|«o-« ' 



(ii) If J < n — 1 then 

K^,*)" 1 < |F,( S ) - F k (t)r = \Qk(s\+ +1 ) ■ Z k (s\+ +l ) + A k \-\ 

where A fc = F fc (i)-F fc (^(s|+ +1 ) + 6^- 1 ) + F fc ( S |+ +1 )-F fe ( S ). Notice that Z k {s\+ +1 ) 
is independent of Q(s\ n ), Q(t\ n ), Qk(s\t +1 ) and A k . Let 

(14) F(s\f +1 ) = a(W(w) :\w\<j+l or w\ J+1 jt s\+ +1 ). 
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From Lemma 2.2(i) we get 



l:s 



E 



KZ(s,t) 



Hs\l +1 . 



< C 7 ■ \Q k (a\j • r)|-T • Q(s\ n ) ■ Q(t|„) dMo(s)d/xo(i) 

n 
= C 7 -|^(i-T)r T -6° +1)(M ' J] W(s|i)-Q(*|n)d/Xo(s)d/X (i). 

Since all the random variables in the above products are independent, we have 

EJ ^y 1 ) < C 7 .E(|^|^).^ +1 ^- A ')d M o( S )dMoW 



< C y -b 2 ^°-^ .E(|W fc |-T) 



d^ (s)dpt (t) 



2.3.2. Mien 7 > 1. 
(i) If j > n then 



dju„(s)d;Un(i) < Q(-s|«) ■ Qftjn) d^o(s)d^ (t) 



«(s,i) 



< 



Q(s\ n ) ■ Q(t\n) d/x (s)d// (i) 



((Qfc(«|n) • ^(s|„)) 2 + (Qj(*l») ' ZM n )Y) 2 

Let ^ = a(W(w) : u; € ^/ n ). From Lemma 2.2(h) we get 
' dji n {s)dii n (t) 



KZ(s,t) 



T, 



< C^-(\Q k ( S \ n )\-\Qi(s\ n )^- 1 ) 1 -Q(s\ n )-Q(t\ n )dfio(s)d f i (t) 

= C 7 -6"^- 5 '.Q(t|„)d M o(s)d M o(i). 



This implies 



E 



' dfi n (s)dfi n (t) 

K,7i(s,t) 



) < <V&"«°-*)dMo(s)d/z (£) 
< c U -S dn a (s)d^ (t) 



(h) If j < n— 1, like in Section 2.3.1(h) one has 

/CZ(M)- 1 

< (|^( s )-F fe (i)| 2 + |^(s)-^(*)l 2 ) _i 

= (|Q fc ( S |t +1 ) • Z fe (,s|+ +1 ) + A,| 2 + |Q,(*|t +1 ) • Zl { s \U) + A 'lT 
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By using Lemma 2.2(ii) we get 



/ dfj, n (s)dfj, n {t) 
V KZ(s,t) 



< C 7 • (\Qkis\j ■ r)\ ■ |Q,(*li ' ^)l 7_1 ) ' Q(*U) ' Q(*U) d/x (s)d Mo (t) 
= C 7 ■ Q(a\j ■ r)- 1 ■ Q(s\ n ) ■ Q(t\ n ) d M o(s)d M o(i) 

n 

= C 7 • 1^(4 • r)" 1 • &Cj+i)(&-«) . JJ W(s|i) • Q(t| n ). 



Thus 



E / d/i ( S )d M (t) x ^ C 7 E(|^|-W/r- 7 )-^ +1)(? °- 5) d/io( S )d/io(i) 
V lCl{s,t) J 

< C y E(|W fc |- 1 |Wil 1 - 7 )6 a(fo -' ? ■ d f o(5) ^°f . 

|s — £p ° 

2.3.3. Conclusion. Let 

f max{6«°- 5 -E(X^),C 7 -6 2 «»- 5 )E(|^ fe |^)}, if & G (0,&]; 

C = 

[ max {C 7 ■&&-', C 7 -& 2 («»- A ~>-E(|V^|- 1 |^| 1 -^)}, if£ e(£*,l]- 

Then we get the conclusion from Section 2.3.1 and 2.3.2 □ 

2.4. Proof of Lemma 2.2. 

Proof, (i) Let <p k (x) = E(e 8:cZfc ) be the characteristic function of Z k . From (8) we 
have the following functional equation: 

6-1 



(15) Z k = Y d W k (j)-Z k {j). 

3=0 

5-1 

This implies <p k (x) = E( IT <p k (x ■ W k (j)) ) and 



j=0 



(16) | ¥>*(») | <E(|^ fc (x-|Wfc|)|) . 

Starting from (16) and following the proof of Theorem 2.1 in [17] one can prove the 
following result: 

If E(Vt / A T s ) < oo for some s > 0, then \ip(x)\ = 0(|x|~ s ) when x — >• oo. 

Under assumption (A2) this result will imply that </?& e i 1 (M), thus Z k has a 
bounded density function f k with ||/fe||oo < Cfc := / K |^fc(x)|da; < oo. Then 

E (l^ +B r)=/p^ d ^(i +0 «£ si ^d„).|A r . 
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(ii) First we assume that Z k and Zi have a bounded joint density function / with 
H/lloo =C<oo, then 

E((L4iZ fe + Bi| 2 + |i4 2 Z, + B 2 |T 7/2 

/Qc, y) dxdy 

A 1 x + B 1 \ 2 + \A 2 y + B 2 \ 2 p/ 2 
f{x, y) Axdy 



U,|-T 



I^T 7 ' 



a 2 | /•r/(AT w -lr' v -f) d ^ 



Ai| yy ( u 2 + w 2) 7 /2 

dudi> 



< lAii- 1 !^!-^ 1 i + c, 

'|«|=+M 2 <i (w 2 + v 2 )^ 
which gives us the conclusion. So it is enough to show that the characteristic 
function 

ip : (x,y) e R 2 >->■ f(x,y) = E{e li - xZk+yZ ' ) ) 
is in L 1 (M 2 ). For we consider the polar coordinates: for r € K+ and 9 <G [0,2ir) 
define 

(17) ip(r,0) =<p(r cos 9, r sin 0) = jE(e i(rcoseZfc+rsinez ' ) ). 

Let f/K 7 ") — su P0£[o2tt) l < ?( r :^)l- Clearly ^(r) < 1, so it is enough to show that 
tp(r) = 0(r~ s ) for some s > 2 when r — > oo. This can be done by using a similar 
argument as in (i): From (17) and (15) one has 

6-1 

$ir,d)=E(H<p(r-WiJ),6 + 6iJ))), 

3=0 



where W(j) = ^f\W k {j)\ 2 + \Wi(j)\ 2 and 9j = axccos(W k (j)/W(j)). Due to Fa- 
tou's lemma this implies 

(18) ip(r) < E(i>(r ■ W)\ , where W = ^/ \W k \ 2 + \Wi\ 2 . 

Again, starting from inequality (18) and following the proof of Theorem 2.1 in [17] 
(with a non-trivial modification which we will present later), one can prove the 
following result: 

(19) If E(VF" S ) < oo for some s > 0, then ip(r) = Oir~ s ) when r — >• oo. 

Then we can get the conclusion due to assumption (A2). 

The non-trivial modification for proving (19) is the part that proves ip( r ) < 1 
holds for all r > 0, the rest of the proof will follow easily from the proof of Theorem 
2.1 in [17]. In order to prove ip(r) < 1 holds for all r > 0, first we show that 
■0(r) < 1 holds for all r smaller enough. 

Suppose that it is not the case, then we can find sequences r„ — > and 9 n £ 
[0,27r) such that \<pir n ,9 n )\ = 1, thus there exists a subset Of C Cl with P(f2') = 1 
such that there exists a sequence C, n £ [0, 2ir) such that 

r n cos9 n Z k iuj) + r n sm9 n Ziiu) e Cn + 27rZ 

holds for all n > 1 and w € fl'. In other words, for any u,u' € CI' one has 

r n cos9 n (Z k iuj) - Z k (u'))+r„sm9 n (Ziiu) - Zi{J)) e 2ttZ, V n > 1. 
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From r„ — > one gets 

cosd n (Z k {uj) - Z k (J)) + sm6 n (Zi{Lj) - Zj(w')) = 

for all n large enough. Since cos 9 n and sin 6 n cannot be equal to at the same 
time and Z k , Z\ are not almost surely a constant, so there exist a subset Q" C £1' 
with P(51") = 1 and a constant c ^ such that 

Z k (ui) - Z k (uj') = c(Zi(u) - Zi(uj')) 

holds for all u),uj' € 51". This implies that Z k — cZi is a constant on 51". In 
other words, X^=o W k (j)Z k (j) — cWi(j)Zi(j) is almost surely a constant. But this 
could happen only if W k (j)Z k (j) — cWi(j)Zi(j) is almost surely equal to for each 
j = 0, ••• ,b — 1 (since they are i.i.d. random variables). So we get c = 1 and 
Wk = Wi almost surely, which is contradict to the assumption F(Wi = W2) < 1. 

Now suppose there exists a h > such that ip(h) = 1, and we may assume that 
ip(r) < 1 holds for all < r < h. From (18) we get 

1 =il)(h) <E(i/j(h- W)f < 1. 

This implies that almost surely ip{h ■ W) = 1. Due to (Al) there exists q <G (1,2] 
such that E(|VFi| 9 ) V EdW-^l 9 ) < 6 -1 , so by using Chebyshev's inequality we get 

P(|Wi|>l)<E(|Wi|»)<6- 1 , z = 1,2. 

This implies that 

PflWfel < 1 & \Wi\ < 1) > 1 - P(|W fc | > 1) - F(\Wi\ > 1) > 1 - 2b- 1 > 0. 

Thus there exists 5 < 1 such that %j){h ■ 5) = 1, which is a contradiction. □ 

3. Proof of Theorem 1.2 
3.1. Upper bound. 

Proof. For the upper bound we only need dim// K = £0 • 

Given e > 0, for each n > 1 one can find a sequence T n of &-adic intervals such 
that 

K c |J / and S l 7 ! 40 ^ < 2 ~™- 

Fix q = (gi,g 2 ) G J(£o), denote by V$(g) = a = (ai,a 2 ) G A(£ ). 
For n > 1 define 

ln(a) = {lel n : \I\ a " +i < \O k (I)\ < \I\ ak ~< for k = 1,2}. 

It is easy to see that for each N > 1, \J n>N % n (a) i s a covering of K(a). 

Let C = E(Xf 1 X2 2 ) < 00. Then like in Section 2.1, we can obtain the desired 
upper bounds from the following three estimates: 

(i) For s = £ + q • a - $(g) + (|gi| + \q 2 \ + l)e, 



e( y. i 7 !") ^ E ( Y. ioi(J r )noa(J r )i* , iJ r r 9 * a ~ (l * il+l * ,l)e -iJ r i' 

< 2C ^ |/|« 0+e <2C-2-"; 



/€I„ 
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(ii) For s = (a, - e)- 1 .(£„ + ?• a - $(g) + (|gi| + M + l)e), 

e( Y, o 1 (iyvo 2 (iy 



/ex„(a) 



< eT ^ |J|(«i-<0« + |J|(«»-<0^ 

rei„(a) 

< 21 ( Yl \i\( a *-£)s . \0 1 {I)\ qi \0 2 (I)\ q2 \I\~ q ' a ~ {lqil+lq2l)e ) 



iein 



< 2C y^ |/|( Q »- e ) s +*(9)-9- Q -(l < ?i+92|)c _ 2(7 Y^ |/|^ 0+e < 2C ■ 2 - ' 1 - 



iex„ -fein 

\-i 



(iii) For s = 1 + (a* - e)" 1 ■ (f„ + g • a - $(g) + (|gi| + |g 2 | + 2)c - a*), 

^)-° l(/) J v l^(7) 



KE (g$ •*(*)■) v (£$■*</>■ 



/£l„(a 

< e( 53 2 (/)0 1 (/) s - 1 + 1 (/)0 2 (/) s - 1 

iei(a) 

< E( ^ |J|oa-e+(ai-e)(s-l) _|_ I j|ai-e+(a 2 -e)(s-l) 

Jex(a) 



< 2E( ^ |J|«.-e+(a*-e)( S -l) . |0 1 (/) |?i |0 2 (/) |92 | / |- 9 -a-(ki| + |«2|)A 

< 2C y^ lj|a»-e+(a*-e)(s-l)+*(g)-?-a-(|gi+33|)€ < 2(7- 2~" 



a 

3.2. Lower bound (part I). 

Proof. We will use the following modified Frostman's lemma: 

Lemma 3.1. If dim h K = dimp-ftT = £o and 7i^°(K) > 0, then there exist a 
Borel probability measure /io supported by K and a non-increasing sequence (e„)„>i 
tending to such that 

(i) Ho(I) < |J|*° holds for all b-adic intervals; 

(ii) N n (w) := #{u £ ** : ^(I wu ) £ 0} < M o(40 ■ fo(l-l+«)(««+-i-i+") fo,fefo / or 
all n > 1 and w € si* . 

Proof. Since T-L^°{K) > 0, due to Frostman's lemma (see Theorem 8.8 in [18] for 
example) there exists a Borel probability measure [i supported by K such that 
M-0 < 1^1^° holds for any 6-adic interval /. Since we also have dimp K = £o, so the 
set 

log M(-*n(aO) 

is of full ^-measure. For n > 1 define 



A'' = {,eA-:hmsup^^l<eo} 

I- n->oo fog U„ (X) J 



flog/x(/„(x)) ,-i 

e„ = max \ £ : x G A \. 

I log I„(x) J 
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First we have limsup,^^ e„ < 0. Otherwise we can find a positive number e > 0, 

a sequence {nj}j>i of integers and a sequence {wj £ £/ nj }j>i of finite words such 

that 

Tr.VJ.tt, a lo gM^j) ^ t , 
l w n K =£ and — -*- > £ + e 

log 1^1 
holds for all j > 1. Clearly one can find Xi € {0, • • • , b — 1} such that I Xl P\ I w ^ 
holds for infinitely many j > 1, and for the same reason, for any k > 2 there 
exists Xk £ {0, • • • , b — 1} such that I X i—x k -ix k H I Wj 7^ holds for infinitely many 
j > 1. So x = J2k>i x kb~ k e A"' and limsup„^ co '"g^/^" > £0 + e, which is a 
contradiction. 

By definition for any n > 1 and w € ^/ n such that fi(I w ) ^ one has 

|^| ?0+d " < V(I W ) < \I w \ io , 

thus e„ > 0. This implies that lim„_ i . 00 e n = 0. Moreover, for any w £ £/* and 
n > 1 one has 

liue/'i/ify^o} < ^ 6^i+")^ +e i™i+") Ai (/ t0U ) 

= b iM+nma+c ^+" ) ■ ii(I w ). 
Then we get the conclusion by redefining e„ = sup fc> „ £&. D 

Let /Uo be the Frostman measure given by Lemma 3.1. 

Recall that $(gi,g 2 ) = -log 6 E(|Wi(uO| 9l |W2(iu)l 92 )- 
For w £ &/* define 

w(w) = &*(^.« 2 ) . |WiH| 3i |w 2 (w)| 92 . 

and 

Q{w) = W{w\i) ■ W{w\ 2 ) ■ ■ ■ W(w\„). 
For n > 1 we define the random measure 

dfi n (x) = Q(x\ n )d(M)(x). 

By construction, (/i„)„>i forms a measure- valued martingale thus yields a weak 
limit /1. 

The following results about the convergence of \i n and the lower Hausdorff di- 
mension of /i can be deduced from [3]. For readers' convenient we present the 
proofs here. Since we are dealing with the ideal case of multiplicative chaos and 
only asking for non-simultaneously results, the proofs are much easier. 

3.2.1. Almost surely b-adic decomposition. Let d = £0 + q ■ a — <fr(q) > 0. 
For p > 1 define 

0(p)=p*(g)-*(pgi,pga). 

Since $ is analytic around q, there exist constants eo > and Cq > 1 such that for 
any e £ (0,e ), 

0(1 + e)< e(fc(«) - « • a) + C e 2 = e(£ - <Q + C e 2 . 

For w, u £ &/* let QW(u) = Q(wu)/Q(w). For any ty e ^/* such that Ho(I w ) 7^ 
and n > 1 define 



f„h = ^(i*;)- 1 51 Q M H-MW- 



uG.e/" 
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By construction (Y n (w)) n >i is a positive martingale and of expectation 1. 

We need the following moments inequality given by Von Bahr and Esseen in [21]: 
for any pG (1, 2], there exists a constant c p such that for any independent centered 
random variables V\ , • • ■ , V n , we have 

n 

E (iE^r)^ c p- E (i^i p )- 

Then for any e £ (0, eo) one has 

E(\Y n+1 (w)-Y n (w)\ 1+i ) 

< c 1+e ■ ^ {I w )~ 1 ~ e ■ 

6-1 _ 1+e 

53 E(Q^(u) 1+e ) ■E(^J2 W ( wu J)^(T wuj ) - ^ (I WU )\ ' ') 

«Gi/™ j=0 

< 2c 1+e - Ai0 ^)" 1 ^-6 ( ' l+1)e(1+£) - £ M^u) 1+e 

< 2c 1+e • voiln,)- 1 -' ■ &("+ 1 W 1 + £ ) ■ N n+1 (w) ■ &-(M+"+ 1 )M 1+£ ) 

< 2c 1+e • Ml w y* ■ 6 (n+1)e(1+e) • &(M+»+i)(«o+e w+ „ +1 -£ (i+e)) 

(20) < 2ci +e • M^)" £ ' fcHt-^+^i+n+i) • &(™+ 1 )(-< ie +Coe 2 + £M+ „ + i) ] 

Since d > and limn-,.^ e„ = 0, inequality (20) shows that for any e S (0, eo/Co) 
and for any w <= £$* with /io(Iw) ^ 0, the martingale (^ n (w))„>i converges almost 
surely and in L 1+e to a limit V(w), and there exists a constant C e independent of 
w such that 

(21) E(y(») 1+e ) < C £ • Mo(^)~ £ • 6H(-«° e+£ M). 

Thus almost surely for all w € .2/* such that no(I w ) / we have the following 
decomposition: 

(t(Iw) = Q{w) ■ Y(w) ■ Ho(Iw), 
where Q(w) and Y(w) are independent and of expectation 1. As a direct conse- 
quence, fi is supported by K and fJ.(K) > almost surely 

3.2.2. Lower bound o/dimy(/i). For n > 1 and 6 > define the set 

E n>s = [xeK: n(I n (x)) > b-^ d - 5 ^. 
Then by using (21) one has for any e S (0, eo/Co), 

< e( 53 [QH-y( w )- w (i»)] 1+e -r("») 

< Cc . 6 ™((?o-d) e +C e 2 ) . 6 n(-« e+ e „) . ^(d-5) . ^ ^j^ 
= C • 5"(-<5e+Co£ 2 +e„) 

This implies that X)n>i ^(M^n,*)) < °° an d we S e t from Borel-Cantelli lemma 
that almost surely for /i-almost every x € K: 

lim , n W/^))^^ 

n->oo log|7„(x)| 
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This yields that almost surely dim#(/x) > d. 

3.2.3. Asymptotic behavior of \Qk(%\n)\ with respect to fi. For 8 > 0, k = 1,2, 
A = ±1 and ?i > 1 define the set 

EL,s = {xeK: (\Q k (x\ n )\ ■ b na *) X > b nS ). 
One has for any 7/ > 

v(EL,s)< E [(\Qk(w)\-b na ») X -b~ nS ] V -Q(w)-Y(w)-no(L w ). 
Taking the expectation from both side we get 

m(u(E X ■)) < 5"(*(9i,92)-*(9l+Ar;,g2) + Ar)0!i-(5T;) 
¥.(u(E X )) < J, n (*(?i'«2)-*(?i,g2 + A7)) + A7)Q 2 -<5?;) 

For r/ smaller enough one has 

$(<7i,<72)-$(<7i +\ii,q 2 ) + \mi ~Sv = 0{i] 2 ) - Si] < 0, 
$(q 1 ,q 2 )-<f>(q 1 ,q 2 + \r]) + \Tia2-Sri = 0(if)-5i] < 0. 

Thus J] n>1 E(/i(£j n j)) < oo. From Borel-Cantelli lemma we get that almost 
surely for /^-almost every x € K, 

x ^ v ■ Jog\Q k (x\ n )\ log|Q fc (x| n )| 
a fc - d < hminf — - — — < hmsup — — — < a k + 5, k= 1, 2. 

n-S-oo logO"" n^oo fog n 

By taking a sequence <5 n tending to this implies that almost surely for /i-almost 
every x € K, 



(22) ( li 

\ n- 



\og\Qi(x\ n )\ log|Q 2 (4 



log|/„(x)| n-+oo log|J n (x)| 



3.2.4. Asymptotic behavior of Xk(x\ n ) with respect to /j. For 8 > 0, k = 1,2, 
A = 1,-1 and n > 1 define the set 

El n , s = {x&K:X k {x\n) X >b n5 }. 

One has for any e € (0, eo/Co), 

e(m(^L, 5 )) 

E V^>^"'}' QH " r(w) " /io(/u ' ) ) 



E 



E E (V(^>H' yH) - M7w) 



< 



l + e 



= Cp ■ E(X X ) ■ b -n(6e-(2+e)e n )/(l+e)^ 
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This implies Yl n >i ^(f-i^k n s)) < °°- F rom Borel-Cantelli lemma we get that for 
k = 1,2, almost surely for for /i- almost every x € K, 

x^v ■ ( l °S x k(x\n) , r logX fe (a;| n ) 

-6 < hmmf < hmsup < d. 

n->cx> log | i„ (a;) | „->oo log|7„(x)| 

By taking a sequence 5 n tending to this implies that almost surely for /i-almost 
every x G K, 

lim log_Xi(x|n) _ logX 2 (x| n ) _ 

n->-oo log|I n (x)| n^-oo log|J n (x)| 

Together with (22) we proved that almost surely (X is carried by K{a), thus almost 
surely dimjy ^(a) > duny (//) > d. D 

3.3. Lower bound (part II). 

Proof. We will keep using the same notation as in Section 3.2. 

3.3.1. The asymptotic behavior of \Qk{%\n)\ with respect to fi. Recall that for n > 1 
and w £ srf n \ {b — 1 • • • b — 1}, w + is the unique word in srf n such that ir(w + ) = 
ir(w) + b~ n . For S > and n > 1 define the set 



<, d - = {ze^:|Q 1 (x| + )|<&-"( Q1 + 5 >l 



One has for any 77 > 0, 
For n > 1 we have 

n-l 6-2 

(23) (J (w, w+)= (J (J (J (u-i-p n _i_ m ,u- (i+1) -dn-i-m), 

w£stf n m=0«eA m i=0 

where g n (resp. d n ) is the word consisting of n times the letter 6—1 (resp. 0). For 
w = u ■ i ■ g n -i-m and w + = u ■ (i + 1) • d n -\-m with u € ^4n one has 

QH|g 1 ( w + )r"-Q( u )|g 1 H|- f ' • w(«t)|Wi(«(» + i))|-" 

n— 1 — m 

• J] W(m 5fc )|Wi(u(i + l)4)|"' 7 . 

fc=i 

This implies that 

E(Q(w)iQi(w + )r ? ') = & m (*(?i.^)-*(<?i-r,,g 2 )) .E(|Wir'T" m . 

Thus 

n-l 

(24) E(ju(K,«)) < &~ m ' (Ql+l5) • E b™^ 1 ' 92 ^*^ 1 ^ 92 " 

m— 

6-2 

■E(|Wi|-") n - m £ £w>(W-i-J- 
Notice that when /Uo(-^mrf„_i_ m ) 7^ one has 
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so from (24) we get 

ra-l 

ElufE 1 t)) < b^° ■ 5™(*(9i^ 2 ) _ *(9i _? '^ 2 )) _r ' Ql_ ' 5? ') . \^ A(r)) m ■ ( m + 1 ) e ^+^ 

m— 

where A(r/) = &*(9i.<fe)-*(«i-'7.<h)) . E(|W^i|- r ') • 6- ?0 . Since A(0) = b~^° < 1, so 
A(r)) < 1 for T] smaller enough, as well as 

$(gi,g 2 )-$(<?i -r) 1 q 2 ))-r]a 1 -6ri = 0{ri 2 )-6ri < 0. 

This implies that ^2 n >i^-(fi>{En(8))) < oo. From Borel-Cantclli lemma we get 

that almost surely for //-almost every x £ K, liminf„_ i . 00 os ^ fc _„ > a± — 5. In 
an analogous way we can also prove that almost surely for //-almost every x £ K , 
liminf„_ i . 00 ° s , ,_„ > a 2 ~ S. Then by taking a sequence 6 n tending to we get 
that almost surely for /i-almost every x £ K, 

. t log\Q k (x\ + )\ 

hmmf — .,,.,. > a k , k = 1, 2. 

n-^-oo log | I n (x) | 

3.3.2. Lower bound. We will only give the proof for the case V(W\ = W 2 ) < 1, the 
case P(Wi = W2) = 1 would follow easily from the same argument as in the end of 
Section 2.2. 

Recall that d = £ + q ■ a - $(<?) > and fix 5 £ (0, d). 

Let {k, 1} = {1, 2} be such that a k < a/ and let 

f (ajfc + ^-Md-CM + M + l)*), ifd<a fc , 

7 \ l + ( ai + 5)- l -(d-a k -(\ qi \ + \q 2 \ + 2)5), if d>a k . 

We may assume that S is smaller enough so that 7 > 1 if d > a k , and 7 € (0, 1) if 
d < a k . 

For w £ .$/* we define the indicator function 

1, if &-M(«>+<5) < |Q..( W )| < & -|w|(a«-5) and 

XM = { \Qi{w + )\ > &-M(«i+<5) holds for i = 1,2, 

0, otherwise. 

For m > 1 define the set 

B m = {a; G A' : x(x|„) = 1 for all n > to}. 

Recall the definition of /Q in (10) and (11). We have the following proposition: 

Proposition 3.1. There exists a constant C such that for any s < t, \s — t\ < b~ n 
and n > m. 



E(l EmXEm (s,t) 



d/i„(s)d/t„(t)\ d/i (s)d/x (t) 



KZ(s,t) I' |«-i|&-* 

For n > 1 define 

d// n (s)d/x„(i) 



£m,n = // U„xB m (s,t) 

|a-t|<6- m /W(S,I) 
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By using Fatou's lemma and Fubini's theorem, Proposition 3.1 yields that 

e( // d 4P^) < ^ium(8 m , n ) 

/ s ,teE ra ,| s -{|<6-» Krt{8,t) ) «^°° 

djU (s)d/x (i) 



2C ■ 



tg[o,i] |s-*l e °- a 



Since /io(-0 < |^|^° holds for any 6-adic interval /, we have 

d/io{s)dno(t) 



te[o,i] l«-*l e °-* 
holds for any 5 > 0. This implies that almost surely for any m > 1, 

d^(s)d/i(i) 



// 



s,t£E m ,\s-t\<b-™ K.f(s 7 t) 

From Section 3.2 and 3.3.1 we know that almost surely /z(lim m _>. 00 E m ) > 0, thus 
for P-almost every cj £ Q there exists a smallest integer iV = N(uj) such that 
/i(-Ejv) > 0. Then from mass distribution principle we get that almost surely 
dim// F(if(a)) > 7. Then by taking a sequence 5 n — > we get the conclusion. □ 

3.4. Proof of Proposition 3.1. 

Proof. The proof of Proposition 3.1 is very like that of Proposition 2.1. The main 
difference is that here we need to choose certain indicator function that remains 
fine information after taking the conditional expectation. 

Recall that s < t and there exists a unique j > such that s||~ = t\j and 

s lf+i 7^ *li+i) as wcu as 7r ( s lj t +i) + fr~-'~ 1 < i and 

6~ (J+1) < |s - <| < 2b- j < b- (j - l) . 

We may also assume that s|i_i = s|j • r, where r = s J+ i + 1 £ {1, • • • , 6 — 1}. 

3.4.1. When j < 1. 

(i) If j > n: Since n > m, so lE m xE m (Sji) < x( s \n)- Notice that under x( s \n) = 1 
one has 

|Qfc(«|n)| > b- n{ak+s) and Q{s\ n ) < &-»(8-«-*(9)-(l«l+l»l)*), 
thus 

d/x n (a)d/in(t) 



L B,„x_E, 



,(5,0 



KZ{s,t) 

< X(s\n) ■ O k {s\ n )-< ■ Q(s\ n ) ■ Q(t\ n )dno(s)dno(t) 

< (b- n ^+^X k ( s \ n ))-^ ■ 6-»(«-«-»(«)-(l9il+l»l)*) . Q(t|„)d M o(5)dMo(i). 

Recall that 7 = (a* +£)~ 1 (£o + q • a - $(g) - (|«?i| + M + 1)6). Since X fe (s|„) 
and <5(i|n) are independent, by taking expectation from both side we get 



£Z(M) 

< tf°- s E(Xp) ■ 

v k ' \s- t\i"- s 



< 6fr-'E(JCr) • ##f 

— v A. / 5-(j-l)(?o-5) 
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(ii) If J < n — 1: Since \s — t\ < b~ m , so j > m — 1 and 

l-E m xE m (s,t) < x(s\j+x)- 
Notice that under x( s \j+i) — 1 one nas 

|Q fc (s|+ +1 )| > b-^ +1 ^ ak+ ^ and Q(a|,-+i) < &-W+i)(«-a-*(«)+(l9i|+l»l)*). 

Recall (14). Since x(s|j+i) is measurable with respect to .F(s|^ +1 ), thus by using 
Lemma 2.2(i) we get 

tkYi c ^ d/x„(s)d/x„(f) + \ 

< C 7 • x(*|,-+i) • IQkWt+iT" 1 ■ Q(s\n) ■ Q(i| n )d/i (s)d Mo (i) 

< C . (£ ) -(j+ 1 )( Q fc+' 5 ))-T . j > -(j'+i)('3"Q-*(q')+(kil+k2|)5) 

77 

■ ]J W(s\i)-Q(t\ n )dn Q (s)dno(t). 

i=j+l 

Since niLi+i ^( S I0 an d Q(*|n) are independent, by taking the expectation from 
both side we get 

w f, / ,n d^n(g)d/i„(t) N i 1,2(6,-*) d^o(s)d^oft) 

< C . b 2(io-S) dno(s)dn (t) 

7 \s-t\S«- s 

3.4.2. W7ien7 > 1. 

(i) If j > n: We have l-E m xE m {s,t) < x( s \n)- Notice that under x(s|„) = 1 one has 
|Q*(«|»)| > b~ n ^+ 5 \ \Qi{s\ n )\ > b- n ^+ 5 ^ and 

Q(s\n) < 5 _ ™( 9 ' Q_ *( 9 ^(I 91 I + I ?2 I)' 5 ). 

Since x( s U) is measurable with respect to J- n = cr(W^(u;) : |u>| < n), so we get from 
Lemma 2.2(h) that 



d/j, n (s)dfi n ( t) 
KZ(s,t) 
Q(s\„) ■ Q(t\ n ) dfi (s)dfj, {t) 



E(lB m xE m (S,tJ ' ^ 7 ^ ^ |>n 



< <Vx(«l») 



\Qk(s\n)\-\Ql(s\ n )\^ 

< C ■ (b~ n ( ak+s h~ 1 ■ (b~ ni - ai+s h 1 ~'* ■ 5-"( < ?- Q -*( < ?)-(l < ?il+l<?2|)'5) 

• Q(i|„)d/i (s)d/x (i). 

Recall that 7 = 1 + (a t + S)- 1 • (£0 + <7 ■ a - $(<?) - a k - (\qi\ + \q-z\ + 2)6), then by 
taking expectation from both side we get 

E(i EmXE ^t)-^p^l) < c.-b^^dM^Mt) 



< c h (, -s d^{s)d^{t) 
7 Is-tK"-- 5 
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(ii) If J < n— 1: Like in Section 2.3.2(ii), we have 

d/i„Q)d/i„ft) 

Q(s\ n )Q(t\ n ) d/z (s)d^o(i) 






< C 7 ' X(s|j+i) 



IQ fe (4+i)l • \Qi(s\t + i)\ 7 - 1 



< C 7 . &C*+i)(&-«) . -Q W( S | J )-Q(t| n )d/xo(s)dMo(*)- 

Since n"=j+i ^ / ( s l«) and Q(t\n) arc independent, we get 

K f, / ,n d^n(g)d/i„(t) N i a2« -«) d/i (s)d^ ft) 

< c & 2« -5) d/x (s)d/Jo(t) 

3.4.3. Conclusion. From Section 3.4.1 and 3.4.2 we get the conclusion by letting 
C = max.{b^°- s E(Xp),C^ • b 2 ^°-^}. D 

4. Proof of Theorem 1.3 

Proof. It is enough to prove the result for F\ . We will use the same method as one 
constructs the local time of fractional Brownian motion to compute the Hausdorff 
dimension of its level sets, see [11] for example. 

Let v be the occupation measure of F\ with respect to the Lebesgue measure on 
[0, 1], that is the Borel measure defined as 

v(B) = / 1 r i dt for any Borel set Bel. 

V Jo W*) eB } 

First we show that almost surely v is absolutely continuous with respect to the 
Lebesgue measure. For we consider the Fourier transform of v. 

i>{u)= f e mFlW dt. 



We will show that 

E( / |£(w)| 2 duj < oo. 

J M. 

This will imply that almost surely v is in L 2 (M.). Therefore almost surely v is 
absolutely continuous with respect to the Lebesgue measure on R and its density 
function belongs to L 2 (M.). 

By using Fubini's theorem one has 

E( / \D(u)\ 2 du) =E( ff [ e m -( F ^- F ^dud S dt). 



Fix < s < t < 1. Recall that there exists a unique j > such that su = t\j, 

s \f+i + *li+i and 

(25) F x {t) - Fy{s) = Qi(s\f +1 ) ■ Zi(«|+ +1 ) + A x , 

where Ai = F^t) - F 1 (tt{s\+ +1 ) + b-^ 1 ) + Fi(s|+ +1 ) - Fi(s). By construction 
Zi(s|i_i) is independent of Qi(s|i_ 1 ) and Ai. 
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Recall (14) and pi(«) = E(e iuZl ). We have 

E ( /" e »-(F l(i )-F lW ) dw | ^(, s |+ +1 )) = f e ™±i . V?1 (Q 1 («|+ +1 ) • «)d«. 

v JR ' Jr 

We know from the proof of Lemma 2.2 that ipi is in L 1 (R), thus 

E ( J e *t..(^(t)-jr lW ) j^ I < E( / MQl( S |+ +1 ) • tt)| d«) 

= E(|Q 1 ( s |+ +1 )|- 1 ).^|^ 1 ( u )|d w 
= j(j+i)«i . / | Vl («)|du 

JK 
(26) < & 2 " 1 -|s-i|- Ql ■ f |vJi(«)|d«. 

JR 

This implies that 



E 



£(«) du < r Ql ■ / |^i(w)|d« 



|s-f|- Ql dsdi< oo. 



te[o,i] 



We have proved that almost surely v is absolutely continuous with respect to 
Lebesgue measure. This implies that almost surely for Lcbcsgue almost every 
y G Fi([0, 1]) the following limit 



lim 



°r J {\Fl(t)-y\<r} 



at 



exists and belongs to (0, oo), thus yields a positive finite Borel measure u y carried 
by Li(y) = {t e [0, 1] : Fi(t) = y}, defined as 



/ g{t)dv y {t)= lim - I 1, 

Jo r ^n+rJ a \\ F i( 



Moreover, for any Borel measurable function G:[0,1]xIh> M. + one has 



/ / 



G{t,y)dv v {t)dy = / G(i,i^))dt 
/j/eiMlo.i]) J[o,i] JO 

Let 7 > 0. Due to Fatou's lemma and Fubini's theorem we have 

|s - £|~ 7 dz/j / (s)dz/ !/ (i) dy 



j/GFi([0,l]) Jo Jo 



i. ! ,i 



2/e-Fi([0,l]) Jo 



1 



lim- / 1 r, , , , Js-t|" 7 ds 



di/ y (t)dj/ 



< lim inf — 
r— vo r 



JyeFi([0,l]) JO 



{\Fi(s)~y\<r} 



\\s — t\ J dv y (t) dy ds 



(27) 



lim inf- lr , -,|s-tr 7 did.s. 
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Fix < s < t < 1. Recall (25) and the fact that Z\{s\^ +1 ) has a bounded density 
function /i with ||/i||oo = C\ < oo, so 

V {|-Fl(.s)- J Fi(t)|<r} I V h + l'J 

1 {U % |< r \fl(x)dX 

11 Qi(=l+ +1 ) l_ IQiWJ +1 ) ' 

2r 



(28) < C 1 -———=2C 1 -r-b^+ 1 ^. 

\Qi( s \j + i)\ 

By using again Fatou's lemma and Fubini's theorem we get from (27) and (28) that 

\s - £|~ 7 &v y (s)dv y {t) dy) <C f f \s - t\-^ +ai} dsdt, 
lyeFido.i]) Jo Jo ' Jo Jo 

where C = 2G\b 2ai . Due to mass distribution principle we get that for any 7 < 
1 — ai, almost surely for Lebesgue almost every y £ -Fi([0, 1]), 

dim ff Li(y) > 7. 

This gives us the desired lower bound. 

For the upper bound, we use the fact that almost surely the Hausdorff dimension 
of the graph of F\, defined as {(£, Fi(t)) : t € [0, 1]}, is equal to 2 — a\ (see [4]). Then 
from Corollary 7.12 in [7] we know that there can't exist a subset E c i*i([0,l]) 
with positive Lebesgue measure such that for every y G E, dim# L\{y) > 1— a\. □ 

5. Proof of Theorem 1.4 

Proof. The proof is inspired by [8], but different. 

For n > 1 denote by 5^ = {ir(w) : w £ £/ n } U {1} the set of 6-adic numbers of 
generation n in [0, 1]. We also denote by S n the collection of all &-adic squares in 
K 2 with side length b~ n . 

Fix p > 2, n > 1 and S £ S n , denote by m = [ "I ~ < p > \ and 

$ m = {0 = to<t 1 <■■■ <t bm = 1}. 

Let 

N{S):=#{j = 0,--',b m :F(t i )eS}. 

For k > 1 one has ¥(N(S) > k) < E(A k (S)), where 

fe 

si<s 2 <---<s k £2r m 1=1 
We have 

A fc+1 (S) 

fe 

E (II 1 { J;, ( S ')6S}) ' E 1 (^(*)6S} 

si<s 2 <---<s k e3r m , s fc ^i i=l s k <te3? m 

k 

^ E (il^^OeS})- E 1 {|F(t)-F(. fc )|<^|S|}- 
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Notice that for any t £ 2? m with t > Sk, one has 



l+i/p 



^m-FM^si) \F(t) - F( Sk )\-^ ■ (V2\S\) - . 

Fix £ > Sfc, then there exists a unique jt > m such that Sk\j t = t\j t and Sfc|^ +1 7^ 
i|j t +i- Recall (14) and (25). Like in Section 2.3.2(h), by using Lemma 2.2(h) we 
can hnd a constant C such that 

E(V(i) - FiskT 11 ^ J Hs k \f +l )) <C-\t- s k \-^ l M. 



This implies 



E E ( 1 {|F( t )-F(, fe )|<^|5|}| J '( Sfc ^ + i: 

.^J.^- (37- J 

E it-*fci- (1+1/p) 



s k <tt& r 



< 2^C-/r™ - 



s fc <te5" m 



1+1/p 1+1/p 



jm(l+l/p) .yj-fl+l 



/p) 



7=1 



(29) 



1+1/p Tl(l-l/p)/i , 1 / \ , 1/p-l/p 2 



1+1/p 



where C" = 2t^C • J2Zi l' (1+1/p) < 00. Then let 

k 

MS)= E (ITV^S} 

si<s 2 <---<s k e3r m , s k =t\ 7=1 

Obviously Bk(S) < Ak(S). Notice that for all Sk <t S .%n F(sk\t t+ i) is indepen- 
dent of Bk(S), thus we get from (29) that 



E(A fc+ i(S)) < a' -6" 



i/p-i/p 



E(B fc (5)) 
E(A fc (S)) 



< C" • 6"" 

< (C") fc -^ n 5 -E^OS 1 )). 



This gives us 



»( sup JV(5) > fc + 1) < {C') k ■ b- 

SGS n 



ses n j=o 



(C 



/\fc l — n 



fc(i/ P -i/p^) 



E (E E v^^i 



= (C') k ■ b~ n <* ■ (b m + 1) 

, 1 mi/p-1/p 2 ) 1-1/p 

< 2(C') k -b- n ° ■&" ° 



= 2(C') fc • &~ 

Let fc = p + 1, then from Borel-Cantelli lemma one gets for P-almost every to E il 
there exists a integer n p {uj) such that for any n > n p (u), 

sup N(S) <p + 2. 
ses n 
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For w G £?* let 

X(w)= sup \F [w] (s)-F [w] {t)\. 
s,te[o,i] 

From the fact that E(|Wi|«) V E(|W 2 | 9 ) = b~ qa < b~ x holds for all q > 1/a we get 
E,(X q ) < oo holds for all q > 0. Then for any n > 1 one has 

P( sup X(w) > b n/p ) < V ¥(X(w) > b n / p ) < b n ■ b~ n{:P+1)/p ■ E(X p+1 ). 

Due to Borel-Cantelli lemma, this implies that for P-almost every u G il there 
exists a integer n p (tu) such that for any n > n' p {io) and w G srf n , 

X{w) < b n ' p . 

Let 

Vl' = P| {uj g O : n p (w) V rip(w) < oo}. 

p>2 

So P(O') = 1. Now fix u e 0', p > 2 and n > n p (w) V rip(w). 

For any S 1 G <S„ there arc at most p + 2 many to € .c/L 5 J such that 
F(n(w)) G S. Also for any w G s/^- ° J one has 

sup |.F(s) - F(t)\ = 6~ aH • X(w) < 6-L^ i ^ iZiii JC«-i/p). 
s,tez„ 

By comparing the area, this implies that there are at most 

6 2» . ^ . ( 6 -L*^J(«-i/p) + 726-") 2 • (p + 2) 

(30) < C ■ (b-t^^iy^T^)/? 

many w G ^L " (1 ' Q 1/p) J suc h that F(/ w ) n 5 7^ 0, where C = (p + 2) • tt 2 • (f + V2) 2 . 

Lower bound. For any Borel set if C [0,1], let C/v be any 6-adic square covering of 
F(K) such that 

V^ \gidiniH F(K) + l/p K 2-n 

SeC N 
Denote by n(S) = [ ~ og '' ~ J . For TV large enough one has 

|J ={i w -.we^ n( - s \ F(l w )nS^®} 

sec N 
forms a covering of K. Moreover, due to (30), for 

s = (dim ff F(K) + 1/p) ■ Y - Y j- + (2 + Y^Tp )lv 
one has 

]T Yl \i w \ s <cY / \ s \ d[mHK+1/p < c - 2 ~ N > 

sec N we-a/ n( - s K F(i w )ns^@ SeC N 

which implies 

dim H K < (dims F(K) + 1/p) ■ — - + (2 + r^-J/p. 

1 - 1/p 1 - 1/p 

Since this works for all p > 2, we get dim// K < a dim# F(K). 
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Upper bound. Now consider any 6-adic interval covering In of K such that 

V^ I j|dim H K+l/p <• 2~ N 

iex N 

For N large enough one has sup,, tGl \F(s) — F(t)\ < |/| q ~ 1 /p holds for any I e 2jy, 
thus for each I one can use a square of side length 2\I\ a ~ 1 / p to cover F(I). From 

V^ ^Ijia-l/p^dimff K+l/p) / (a-l/p) _ V^ |j|dim H K+l/p <- 2 _iV 

we get 

di mg F(A-)< dim ^ + 1/p . 
a — \jp 

Since it works for all p > 2, we get dim# if > a dim# F(K). □ 
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